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INTRODUCTION 
Let G be a simply connected semisimple algebraic group over an 
algebraically closed field, split and defined over the prime field. Fix a pair 
P, P- of opposite parabolic subgroups with unipotent radicals P,, P; and 
Levi complement L,. In a recent paper M. Cabanes [l] showed (actually 
for a much larger class of groups) that any simple rational G-module M 
admits a decomposition 
M=Wu@(l -P,).M CC) 
(cf. Section 3), where the summands are L,-submodules and MPU is simple. 
In this paper it is shown that, for such a special kind of group, the result 
follows quite naturally from the triangular decompositions for associative 
algebras, introduced by T. Neuvonen [6], when they are applied to the 
hyperalgebra of G. Furthermore, this approach enables us to characterize 
the finite-dimensional rational G-modules that satisfy (C): they are 
precisely the modules that can be constructed from rational L,-modules in 
the manner described below. 
In Section 1 we prove an elementary proposition on triangular decom- 
positions of algebras, and the rest of the work simply draws direct con- 
sequences for hyperalgebras and algebraic groups. The only deep results 
that we need are the well-known classification of parabolic subgroups and 
the relationship between a group and its hyperalgebra. 
1. TRIANGULAR DECOMPOSITIONS IN ALGEBRAS 
All algebras are assumed to be associative with 1 and over a fixed 
ground field k. The category of left modules over an algebra R is denoted 
510 
0021~8693/87 $3.00 
CopyrIght (I‘ 1987 by Academic Press, Inc. 
All rights of reproduction I” any lorm reserved 
CABANES' DECOMPOSITIONS 511 
by Mod(R). If VE Mod(R) and if v’ c V and R’ E R are subspaces, then 
R’V’ denotes the subspace of V spanned by {YU (r E R’, u E V’}. 
DEFINITION. Let A be an algebra. A triangular decomposition of A is a 
quadruple (y, B, S, R) that satisfies the following conditions: B is a sub- 
algebra of A; B = S@ R and S is a subalgebra and R a two-sided ideal of 
B; 7 is a left B- and right S-linear map A + B with y( 1) = 1. 
The definition differs from the one in [6] in that B= SO R is not 
required to be a Wedderburn decomposition. 
From now on A will be a fixed algebra with a fixed triangular decom- 
position (‘4, B, S, R). 
We recall the central construction of [6]: Let WE Mod(S). Regard W in 
Mod(B) via the projection B -+ S with the kernel R. Define (1): W+ 
HomA W by 
o(u)(a) = y(a). 2) for all UE W, aE A. 
Consider Hom,(A, W) as a left A-module in the natural way. Now o is left 
S-linear and injective. We call the left A-module 
Tri( W) = Ao( W) c Hom,( A, W) 
(denoted by W’ in [6]) the triangular enlargement of W with respect to 
(v, B, S, R). Clearly we get a functor Tri: Mod(S) + Mod(A) in the natural 
way. 
For any VE Mod(A) we set 
VKerc7)= (UE V\Ker(y).u=O}. 
Then VKer’i’ is an S-submodule, and actually we get a functor Mod(A) + 
Mod(S). 
As in [6] the decomposition (y, B, S, R) of A is called good if VKer’Y) # 0 
for all finite-dimensional simple A-modules V. Furthermore, we say that 
the decomposition is strong if Ker(y) is a left ideal of A. 
The following proposition relates triangular decompositions to modules 
with a “Cabanes type decomposition;” note that (ii) below is equivalent to 
v = vKWa) @ R V 
if R” V = 0 for some n. Note too that the direct sum (ii) already appears in 
[6] for simple modules; indeed, if VE Mod(A) is simple with VKercy) #0 
and R V # V then the argument in the proof of [6, Proposition l] shows 
that V satisfies (ii) and in addition VKer(g’ IS simple in Mod(S). (Instead of 
the additivity of Tri as in [63, one can use here the easily checked fact that 
Tri preserves monomorphisms and epimorphisms.) 
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PROPOSITION I. Assume that the decomposition (y, B, S, R) of’ A is good 
and strong. The,folIowing conditions are equivalent for any locally ,finite V in 
Mod(A): 
(i) V ‘v Tri( W) for some WE Mod(S), 
(ii) V= vK~~(Y) @ RVKer(?), 
(iii) V= A vKer(~) = VKer(Y) @ U ,for some B-submodule U c R V. 
[f the conditions are satisfied then W in (i) is isomorphic to VKerCy’. 
Proof The implication (ii) 3 (iii) is trivial. 
Assume (iii). Let 7c be the projection V + VKerO’) with kernel U; it is a B- 
homomorphism when VKerO) IS made into a B-module via the projection 
B -+ S. Let t be the evaluation map Hom,(A, VKerCy)) + VKerCy), that is, 
r(,f‘) =,f( 1). Now, rc lifts to an A-module map it: V-+ Hom,(A, VKerCY)) 
with 7c = zE. As in the proof of [6, Proposition 11, V= AVKercy) implies 
Z( V) = Tri( VKerC7)). Moreover, the argument in the proof of [6, 
Proposition 31 shows that it is injective, since VKerCYJ n Ker(n) = 0, V is 
locally finite, and the decomposition of A is good. Thus we have (i). 
Next assume (i). To get (ii) we have to show 
Tri( W) = Tri( W) Ker(~) @R . Tr-( w)Ker(~). (1) 
Let now t’: Tri( W) -+ W be the restriction of the evaluation map. Then 
T’O= 1. so 
Tri( W) = o( W) 0 Ker(z’). (2) 
We show that (2) is the required decomposition (1). From the proof of [6, 
Proposition 21 we see that Tri( W)Ker(y) c w( W). Conversely, since the 
decomposition of A is strong, 
(y.o(u))(a)= o(v)(ay) = y(ay).v =O.v=O 
for all y E Ker(y), v E W, a E A. Hence o(W) = Tri( W)Ker(y). Furthermore, 
since R W = 0, 
r’(r o(v)) = w(u)(r) = y(r). u = r. v = 0 
for all r E R, u E W. So R * Tri( W)Kero’) E. Ker(r’). Thus (1) follows from (2) 
once we check that the right-hand side of (1) is all of Tri( W): 
Tri( W) = Ao( W) = (Be Ker(y)) w(W) = Bw( W) 
=(S@R)o(W)=w(W)+Ro(W). 
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The final claim of the proposition is now clear: 
W y o( W) = Tri( w)Ker(y) 2: ~Ker(i). 
2. HYPERALGEBRAS 
In this section we apply Proposition 1 to certain hyperalgebras. To keep 
the paper short, we present the preliminaries as briefly as possible; for more 
details we refer the reader to [2, 3, 5, 81. 
Let @ be the root system of a complex semisimple Lie algebra g, and fix 
the sets A, @+, @- of simple, positive, and negative roots, respectively. Let 
Jail be Kostant’s Z-form for g and 4Yz C& k the corresponding hyperalgebra 
over a fixed field k. 
Let Xx.,,, Hi.,l~~&. be as in [S]. Denote by A$ (respectively 4&(F)) the 
subalgebra generated by all the elements H,,,, (respectively A’,,,, with u E F 
for a given subset F of @). 
Fix a subset I of A and let @,? be the set of those positive roots that are 
sums of elements in I. Write @, = - @: and @,= Q’; u a,?. Define the 
following subalgebras of ~2~ : 
Finally, let .,+“‘; =A; n Ker(&) and (JV; )‘: = Jf; n Ker(s), where c is the 
augmentation map of 4&. 
The PBW-basis implies 4& = 9; @ 9;~ .A’“;. Let y be the resulting projec- 
tion ~7,‘~ --) 9’~; with kernel 9; JV;. It is easy to see that 
is a good and strong triangular decomposition of %k (cf. Section 3 in [6]). 
Hence we have the triangular enlargement functor Tri: Mod(Y[) + 
Mod(ak). 
Let V~Mod(a~). The set 
VKerC7)= {UE V(Nt;.u=O}= (UE Vlnu=c(n)u forall ~EJ;} 
is commonly denoted by V’j and called the set of fixed points in V with 
respect o N,. It is an dp,submodule of V. 
If I/E Mod(%$) is finite dimensional then R”V= ((N; )“)“I’= 0 for some 
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n (consider the Rk-weights of V); hence for such V the equation in the 
following proposition could be replaced by 
v= V’i@ (J-,)“V. 
The proposition itself follows directly from Proposition 1 and the remarks 
preceding it. 
PROPOSITION 2. Let the notation be as above. Assume that VE Mod(qi,) 
is locally finite. Then 
v= V-y’@ (NT)&. V”“i 
zf and only if V is the triangular enlargement of some W in Mod(3,) (with 
respect to the above triangular decomposition), and then necessarily 
W z V +i. If in particular V is simple then these conditions hold and V”l is 
simple in Mod($P,). 
One gets a similar result for the finite-dimensional subalgebras u, of 4!& 
defined in [S], the hyperalgebras of certain infinitesimal groups G,. In the 
formulation of that case one can make use of the facts that all modules are 
locally finite and R is nilpotent. 
3. ALGEBRAIC GROUPS 
In this section we give the results mentioned in the Introduction. The 
reader may consult [2-5, 81 for preliminaries on algebraic groups and their 
hyperalgebras. 
Let k, G, P, P-, P,, P; , and L, be as in the Introduction. Fix a split 
maximal torus T of G. Assume Tc L,. Pick a Bore1 subgroup B with 
Tz BS P. Let @ be the root system of G with respect o T, and choose the 
roots of B to be the positive ones. Then the roots of P are @+ u @; for 
some set I of simple roots (notation as in Section 2). 
Let ek be the hyperalgebra of G; by [2] we can take it as constructed 
from the corresponding complex Lie algebra. Then the subalgebras 9’;, 
NT, 4, and T1 are the hyperalgebras of P-, P;, P,, and L,, respec- 
tively. 
Consider a rational L,-module W. It is an 91-module, too, and so the 
functor Tri of Section 2 yields a @‘,-module Tri( W). If Tri( IV) is locally 
finite, then it can be lifted to a rational G-module (in characteristic 0 this is 
classical, for the case of positive characteristic see [Z, 81); we call this G- 
module the triangular enlargement of W (with respect to the triangular 
decomposition of @ in Section 2). 
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The module Tri( W) is not, however, always locally finite. Thus, if one 
wishes to make Tri into a functor between categories of rational modules, 
one has to modify it somehow. We do not carry considerations in this 
paper any further in that direction. 
The following proposition is merely a direct translation of Proposition 2, 
and it can be easily verified by viewing G as a Chevalley group and using 
the natural basis of 4?& [2,5.1]. For a group H we denote by 1 - H the 
subspace spanned by ( 1 - h ) h E H} of the group algebra kH, and if V is an 
H-module then V” denotes the set of fixed points in I/. 
PROPOSITION 3. Let the notation be as above. A rational G-module V 
satisfies 
v= VP”@(l -Pi)’ VP. 
if and only if it is the triangular enlargement of some L,-module W, and then 
necessarily W N VP”. If in particular V is simple then these conditions hold 
and VpU is a simple L.-module. 
Again, if V is finite dimensional then the direct sum decomposition 
above is equivalent to 
v= VP”@(l -P;) v, 
which is the decomposition of Cabanes [l]. Note too that Smith’s result 
[7] is, in our setting, contained in Proposition l(ii) of [6]. Our 
assumption that G is simply connected was just a matter of convenience 
and can clearly be dropped. 
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